A class of high order hybrid DG/FV schemes had been developed for conservation laws based on a "hybrid reconstruction" idea. In this paper, the hybrid DG/FV schemes are extended to solve 2D RANS equations on unstructured/hybrid grids. The BR2 approach is employed to discretize the viscous terms and the Spalart-Allmaras model is adopted in the RANS equations to simulate the turbulence effect. The costs of some DG and DG/FV schemes are analyzed. Turbulent flows over a flat plate and over 30P3N airfoil are simulated to validate the performance of the hybrid DG/FV schemes. The numerical tests show that the third order DG/FV(3) scheme obtains similar results with those form DGM(3), and can reduce the CPU cost greatly.
Introduction
With the rapid development of Computational Fluid Dynamics (CFD) and computer science, much progress about unstructured/hybrid mesh generation technique and numerical methods have been achieved over the past several decades. Although second order finite volume methods have become the main choice of most commercial CFD codes, and been proven successful for a wide variety of flow problems in engineering applications, many in the CFD community believe that the simulations of vortex-dominated flows, separation flows, turbulent flows call for high-order methods to capture the fine structure of the flow field. In fact, there have been intensive research efforts on high-order methods for numerical simulation on unstructured grids in the last two decades. An incomplete list of notable examples includes P N P M methods [1] , the k-exact Finite Volume method [2] , discontinuous Galerkin (DG) method [3] , Spectral Volume (SV) [4] and Spectral Difference (SD) [5] methods, RDG (Reconstructed DG), ENO/WENO methods and high-order residual distribution methods.
In our previous work [6] [7] [8] [9] [10] , a concept of "static reconstruction" and "dynamic reconstruction" was introduced for higher-order (third-order and higher) numerical methods. Based on this concept, a class of hybrid DG/FV schemes has been developed for conservation laws using a "hybrid reconstruction" approach. In these hybrid DG/FV schemes, the lower-order coefficients of the piecewise polynomial are computed locally in a cell by the traditional DG method (called as "dynamic reconstruction"), while the higher-order coefficients are obtained by the "static reconstruction", using the known lower-order coefficients in the cell itself and in its neighboring cells. The 'static reconstruction' approach can be viewed as a generalization of the k-exact reconstruction operator proposed for finite volume method in the work of Ref. [2] . These hybrid DG/FV schemes have been extended to solve 2D Euler/N-S equations on triangular and Cartesian/triangular hybrid grids. Comparing with the well-known DG schemes with the same order of accuracy, the higher efficiency for this hybrid method is verified.
In this paper, the hybrid DG/FV schemes are extended to solve 2D RANS equations on hybrid grid. The idea of BR2 is employed to obtain the viscous flux and the SA model is adopted to simulate the turbulence effect. In order to show the high efficiency of the present hybrid DG/FV schemes, the computational costs are analyzed and compared with the corresponding DG methods. The numerical performance is validated by some typical test cases, including the turbulent flows over a flat plate and over 30P3N airfoil. The numerical tests show that the third order DG/FV(3) scheme obtains similar results with the same order DGM(3), and can obtain similar results using coarser grid comparing with the second order FVM. Qualitative analysis demonstrate that they can reduce the CPU cost greatly (up to 50%) comparing with the traditional DG method with the same order of accuracy.
Governing equations and DG/FV hybrid schemes

Governing equations
The control equations can be expressed in conservative form as
where U is the conservative variable vector, F c is the convective flux vector and F v is the viscous flux vector, see Ref. [4] for more details.
To simulate the turbulence effect, the Spalart-Allmaras one-equation model is adopted in the RANS equations. The turbulent viscosity is expressed as 
The coefficients in Eq. (2) can be obtained from Ref. [11] , and in this work the Eqs. (1) and (2) are solved by using a decoupling approach.
DG/FV hybrid reconstruction
The governing equations in Eq. (1) can be discretized using DG/FV hybrid schemes. We assume that the domain is divided into a collection of non-overlapping elements { } 
where l c and l l c are the coefficients of the polynomials, ( ) l b ) ) is taken as orthogonal polynomial in reference element, and l is local coordinate vector of the reference element, N is the dimension of the unknown vector space and M is the degree of freedom of reconstruction vector space
To formulate the DG/FV scheme, we introduce the following weak formulation, which is obtained by multiplying Eq. (1) by a test function j b , integrating over an element e , then performing an integration by parts: that is to find 
where U h and W h are represented by piecewise polynomial functions of degrees DG P and FV P respectively, which are discontinuous between the element interfaces, and n the unit outward normal vector to the boundary of e . When calculating the right hand side of Eq. (5), the higher order reconstruction vector W h rather than piecewise polynomial U h is adopted and W h is obtained by a reconstruction algorithm using U h of element e and its neighbor elements, see Refs. 
where e is the volume of the element e . Since the numerical solution U h is discontinuous between element interfaces, the interface fluxes are not uniquely defined. In the present work, the Roe's scheme [12] and Bassi-Rebay II scheme [13] are used for evaluating the inviscid and viscous numerical fluxes, respectively. This scheme is called DG/FV hybrid schemes of order 1 FV P , or in short notation DG/FV( 1 FV P ) scheme. In this work we use 1 DG FV P P if not written explicitly, which means that the reconstruction polynomial is one order higher than the solution polynomial. By increasing the degree of the polynomials FV P , the corresponding higher order DG/FV hybrid schemes are obtained. The time direction discretization and boundary conditions etc. are not written here for the sake of simplicity.
Tests and discussion
In this section, the costs of several DG and DG/FV schemes are analyzed qualitatively and several typical tests are represented to illustrate the performance of the proposed DG/FV schemes on RANS equations.
Costs analysis
The reference [14] has given some costs of several DG schemes based on an assumption about the computation cost of numerical flux. In this work the costs of several DG and DG/FV schemes are analyzed qualitatively in the similar way and are presented in Table 1 to show the reason why the DG/FV schemes are cheaper than the same order DG schemes. Form Table 1 we can see that the cost of element integral plays a vital role in DG schemes and the DG/FV scheme with the same order is cheaper mainly because its element integral part is cheaper, and this have been proved by numerical tests, see Refs. [6] [7] [8] [9] [10] for more details. 
Flat plate
The turbulent flow over a flat plate with freestream Mach number 0.2 and the Reynolds number 1.03×10 7 is computed. The size of coarse grid used for DG/FV(3) scheme is 61×41, and the grid size of the first layer from the solid wall is 2×10 -3 in x direction and 2×10 -6 in y direction. The size of fine grid used for 2nd order FVM scheme is 71×61, and the first grid size is 1×10 -3 in x direction and 1×10 -6 in y direction. The obtained u profile at the same x position is presented in Fig. 1 , and shows good agreement with the 'theoretical' result given by Wieghardt. Also, the results of the 3rd order DG/FV(3) scheme on coarse grid agree well with those of 2nd order FVM on fine grid. 
30P30N airfoil
The steady flow over a 30P30N airfoil is considered as the second test case. The freestream Mach number is 0.2, the Reynolds numbers is 9×10 6 and the angle of attack is 19°. A hybrid grid with 19510 quadrilaterals and 17133 triangles is used, and there are 662 vertices on the airfoil. Figure 2 (a) shows the pressure contours and streamlines of 30P30N airfoil with the 3rd DG/FV(3) scheme. The pressure coefficient is given in Fig. 2 (b) and the result from DG/FV(3) agrees well with the DGM(3) results on the same grid and the reference results [3] .
Conclusions and future work
In this work, a class of high order DG/FV hybrid schemes is applied to solve RANS equations on twodimensional unstructured/hybrid grids using the Spalart-Allmaras one-equation model. The turbulent flows over a flat plate and over 30P3N airfoil are simulated to validate performance of the hybrid DG/FV schemes. The tests show that the 3rd order hybrid DG/FV(3) scheme can get similar results with DGM(3) and can obtains similar results with the second order FVM but using coarser grid. The cost analysis shows that the DG/FV hybrid schemes are cheaper than the DG schemes of the same order, and explains why they are. We are currently extending the DG/FV hybrid schemes to three-dimensional cases, and the results will be presented in a future publication.
